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Equations are presented fOr calculation of velocities at incipient fluidization (minimum-fluidization 
velocity) of polydisperse (multi-size particle) materials. They are simultaneously transformed into 
relations between various arguments which can be primarily given as the system characteristics. The 
basic information on the particle bed is the sieve analysis. In solving the problem, it was determined 
that until now the most exact rela'ion~ for velocity at incipient fluidization of single-size particle 
(monodisperse) beds start to be affected by an error at values of Ar > 2 . 107

, which error quickly 
increases with the value of Ar. A suitable equatio.1 has been calculated from the experimental data. 
From the relation between Rep and Ar for monodisperse beds of spherical particles follows that 
at Ar > 2.107 neither the expansion equations nor relations for the friction factor of mooo
disperse uniformly fluidized beds can be correct. 

We have shown in our previous works l
-

4 that for calculation of the minimum 
fluidization velocity of polydisperse materials two types of beds must be distinguished: 
the beds without a segregation region 1

,2 and beds with a segregation region 3
,4. 

This paper as an evaluation of experimental data, offers a widely valid calculation 
relations for beds with the segregation region and new information on friction 
factor for flow in a uniformly fluidized bed. If for the velocity at incipient fluidization 
of single-size particles holds the re'lation 

Rep = f(Ar) , (1) 

then for polydisperse beds with the segregation region holds the relation 3 

Repcz = f[(1 - y) Arc] . (2) 

Index C denotes that for the characteristic length in the Reynolds and Archimedes 
numbers should be substituted the so-caIJed representative diameter of the fraction 
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3564 Bena, Havalda, Ma(as: 

of caarse particles defined as: mixture of particles of various sizes in a bed is con
sidered to be a binary mixture of coarse and fine particle fractions. The fraction 
of coarse particles includes all particles with the size in range 

(3) 

The remaining particles form the fraction of fine particles. Both fractions are consi
dered to be independent units (Lx; = 1 holds for each unit separately) and the repre
sentative diameter dc, resp. dF is then 

(4a) 
resp. 

(4b) 

The quantity y was defined 3 as the ratio y = ilp*/ilPt, where ilp* is the surplus drop 
of static pressure in the so-called last fixed bed of coarse particles at incipient fluidization 
region caused by pulsation of particles fluidizing above this bed and ilPt corresponds 
to the effective weight of the last fixed bed per unit of cross-sectional area. The value y 

can be under special condition measured or determined indirectly - by calculation 
from equations of type (2). Reliable direct measurements can be made only with 
binary mixtures. Thus we have chosen the indirect method. Additional experimental 
data given in Tables I and II were added to those listed earlier3

. In selected cases, 
the value y was also determined by direct measurement and the result was in.,il very 
good agreement with the value calculated by the indirect method . -

TABLE I 

Properties of Narrow Fractions of Spherical Particles Used for Measurement of Velocities at 
Incipient Fluidization of Binary Mixtures 

Data are rela ted to those of paper3 . 

Material d;, cm Density Us' kg/ m3
1 Material d;. cm Density (Is' kg!m3 

I 
B24 0·0105 2723 ·2 I B29 0·1452 2849'1 
B25 0·0176 2941·9 

I 

B30 0·2306 2512·2 
BZ6 0·0343 2677·7 B31 0·5088 2504·4 

B27 0'0430 2983'0 B32 0·8065 2451·9 

:828 0·0740 2945·1 I 
I 
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Incipient Fluidization Velocities 3565 

SELECTION OF RELATIONS FOR CALCULATION OF QUANTITY Y FROM EXPERIMENTAL 

VELOCITIES AT INCIPIENT FLUIDIZATION 

Sufficiently exact relations of the type (1), resp. (2) and experimental data of velocity 
at incipient fluidization are required for indirect determination of quantity y . Since 
the function in relation (2) has the same characteristics as in relation (1), the reliability 
of calculated values y will be ensured when a sufficiently accurate equation is chosen 
for calculation of velocity at incipient fluidization of monodisperse beds. While 
in the years 1948 to 1959 twenty such equations were found in literatureS, Romankov 
and Raskovskaja6 present for years 1948 to 1962 alr.eady 37 equations, the book by 
Aerov-Todes 7 gives a table with 76 equations. As can be seen from the work by Wen 
and Yu 8

, neither this number is complete. 
For calculation of velocities at incipient fluidization of monodisperse beds we 

considered as suitable the relations of type (1) as follows 

Rep = 0·00138 Arj(Ar + 19)°·11 , (5) 

TABLE II 

Velocities at Incipient Fluidization of Binary Mixture Experiments 
Data are related to those of paper3. 

No Material xF M p 
Arc Rep exp 

g °C Torr 

107 B26 ,24 0·5 400 18·5 750 3872·9 7·134 1·15 
108 B27 ,25 0·5 500 18·5 750 8495·5 4-436 2'32 
]09 B28 ,25 0·5 500 18 758 43978·5 10·975 8·70 
110 B28 ,26 0'5 500 18 758 43978·5 3·931 11·45 
1'11 B29 ,26 0·5 400 17 749 322080 8·539 43 ·08 
112 B 29 ,27 0·5 400 17 749 322080 5·317 43·38 
]13 B29 ,28 0·5 400 17 749 322080 2'172 49·19 
114 B30 ,25 0·5 400 17 749 1105000 41 ·589 117'10 
lIS B3O ,26 0·5 400 18·5 749 1 105000 11 ·512 118·46 
116 B3O ,28 0·5 400 18·5 749 1 105000 2·931 111·85 
117 B31 ,27 0·5 400 20 750 11 821000 13-636 491·93 
118 B31 ,28 0·5 400 20 750 11821000 5·570 485·54 
119 B31 ,27 0·5 500 18·7 749 11 833000 J 3·633 481 '47 
120 B31 ,28 0·5 500 18·7 749 11833000 5·569 464·63 
121 B31 ,29 0·5 500 18·7 749 11 833000 2·542 521·80 
122 B32 ,28 0·5 400 20·5 750 45746000 7·990 1067·30 
123 B32 ,29 0'5 400 20'5 750 45746000 3'638 1 325·59 
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for 

resp. 
Ar ~ 1·06. 105 , 

Bena, Havalda, Ma(as: 

(6a) 

(6b) 

and for the case of inversed inequalities 

Rep = 0·03865 Aro· 602 . (7) 

Validity of Eq. (7) waS verified up to values of Ar = 2·13 .108 resp. Rep = 3·99. 103 • 

Eq. (5) and (7) were calculated under the assumption that for spherical particles 
it holds 

Gp = 0·420. (8) 

Condition (6a) resp. (6b) was obtained by solution of Eq. (5) and (7) for an un
known Rep and Ar. 

Eq. (5) may be transformed into the relation 

Rep = (0·0006ll Ar)" , (9) 

wherefrom equality of right hand terms of Eq. (5) and (9) follows 

n = log [0'00138 Ar/(Ar + 19)0.11J/log (0'000611 Ar). (10) 

The constant 0·000611 was chosen so that at greater Ar numbers in agreement. ~ith 
the experiment holds 

n ~ 0·89. (lOa) 

A limit n = 0·8913 of the right hand side of relation (10) exists simultaneously if 
Ar -+ 1/0'000611 = 1637. Value n as a function of Ar can be read off from Fig. l' 
which represents Eq. (10). From this graph can be seen that for all values of Ar > 200 
can be used relation (lOa). At Ar ~ 7·2 it is more correct to use the relation 9

•
10 

Rep. = 0·0009836 Ar . (lOb) 

For polydisperse beds with the segregation region are from equations (5), (7) and (9) 
obtained 3 relations of the type (2): 

Repcz = 0'00138(1 - y)Arc/[(l - y) Arc + 19Jo.ll , (11) 
resp. 

Repcz = [0'000611(1 - y) ArcJ" , (12) 
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for 
(1 - y) Ar ~ 1·06. 105 

, (!3a) 
resp. 

Re pcz ~ 41 ·0 (13b) 

and for the case of inver sed inequalities (13a) resp. (13b) the relation 

Re pez = 0'03865[( I - y) Ar ]0.602 . (14) 

With respect to verification of Eq. (7), the validity of Eq. (14) can be considered 
verified up to values (1 - Y) Ar = 2'13. 108

, resp. Repez = 3990. 
Eq. (5) is calculated from our numerous measurements of expans~on of uniformly 

fluidized beds in a wide range of values of Ar number with sufficient accuracy. It 
agrees with the characteristic course of expansion curves in the regions which we 
denoted9 •10 as laminar and pseudolaminar. When we choose as a characteristic 
length of non-spherical particles the diameter of a sphere of equal volume 

d = (6V/1t)1/3 , (I5) 

then Eq. (5) and limits of its validity do not depend on the particle shape. A more 
exact limit of its validity, which at the same time determines boundaryofthe pseudo
laminar region, is Ar = 7·2. 104 resp. Rep = 29. Its transfer to the level of conditions 
(13a) resp. ( 13 b) is the cause of increase in values of Rep within the range of up to 7%. 

Few data are available on expansion of monodisperse beds of spherical particles 
and on velocities at incipient fluidization for Ar > 105

• Eq. (7) was, therefore, 
calculated from our experimental data on velocities at incipient fluidization of spheric
al particles given in Table III. Design parameters of the column with the used measur
ing method are given in paper3. The height of fixed bed was verified and its porosity 
was ep = 0·420 ± 0·004. The range of particles sizes in the bed was less than that limit-

~: 
10" 10' 10' 10' 10' 

Ar 

FIG. 1 

Dependence of Exponent n in Eq. (9) on Archimedes Number 
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ed by dimensions of holes of consecutive standard sieves DIN and is typically repre
sented by the histogram for ceramic particles in Fig. 2. The measured data fit very 
well the straight line of log Rep on log Ar. Furthermore, they completely correspond 
with data by Wen and Yu 8

. 

Comparison of equations (5) and (7). Full line in Fig. 3 represents the dependence 
of Eqs (5) and (7) plotted through data of 17 authors l1 -

27 . At high values of Ar our 

measured Rep are in a very good agreement with data of Fetterman25 and at Ar = 
= 4·67 . 108 the resulting values of Rep from Eq. (7) is 1·67 times greater than the 
value obtained by measurements of Johanson 23 and KeUy24. Both compared groups 
of data were measured with water and with spherical particles in columns of diameter 

10·16 cm, resp. 15·24 and 22·86 cm. An explanation will be given farther in connection 
with the use of equation derived from the Ergun equation for pressure drop in fixed 
bed. 

TABLE III 

Experimental Velocities at Incipient Fluidization of Narrow Fraction of Spherical Particles 

No Material Ar 

l a glass 2·032 2450 H9.105 43'05 ) ,020 
2 glass H08 2944 1'44 .105 44·3 ),)12 

glass 1·209 2749 1'68.105 49·3 ),097 

4 glass ),245 2973 2'07.105 59·55 ),029 
glass ),326 2737 2·23. J05 59·8 ),072 

glass ),351 2972 2.52. )05 68·4 1·009 
glass 1·452 2849 3,22.105 75·3 1'062 
glass 1'645 290) 4'51.105 110·5 0·886 
glass 1·732 2862 5'25.105 108 0·994 

JO glass 2·071 2572 7'98 .105 145 0·952 
]Ja steel 2'380 7840 8'95. 105 148·5 0'996 
12 glass 2·306 2512 H05.106 183 0·918 
13 glass 2·460 2522 1'29.106 198 0·931 
14a glass 5·004 2460 1'79 . 106 219 ' 1·026 
15 glass 2·739 2527 1'83 . 106 240·5 0·946 
16 glass 3·087 2567 2'67.106 292 0·978 
17a glass 6·350 2360 3'44.106 331 1·005 
18 glass 5·088 2504 1'18.107 687 1·017 
19b glass 8·065 2452 4'57. 107 1600 0·987 
20b ceramics 13·947 2225 2·13. lOB 3790 1'053 
21b ceramics 13-947 2225 1·83. JOB 3360 1'083 

a Data according to Wen and YuB• b Data measured in column of diameter 110·1 mm, other data 
in column of diameter 60·0 mm. . . . 
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Incipient Fluidization Velocities 3569 

The suitability of equations can be according to Fig. 3 compared only qualitatively 
as the used data include particles of various shapes, their characteristic length is 
defined differently and the fraction width (monodispersity) is not limited in the same 
way. 

15 

% 
~ 

r-
r-

10 r-

-
r--

rIT ~ 
13-0 13-5 14'0 14-5 d,mm 

FIG 1 

Histogram of Particle Distribution (Ceramic Particles, Characteristic Diameter d 13·947 mm; 
Qs = 2265·0 kg/m3

) According to Diameters d j 

10'r----,----,-----.---, 

Ar 

10' 

FIG. 3 

Comparison of Eqs (5) and (7) with Rep Values of Different Authors 
--' - Eq. (5), resp. (7); 0 data Of authors l1 - 27. 
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Eq. (7) is contradictory to the present state of knowledge on expansion of uniformly 
fluidized beds as it is obvious from the following consideration: if Eq. (7) is correct 
then the various relations (incl. ours) are not generally valid for expansion of uni
formly fluidized beds at conditions which we denoted 10 as transitional and turbulent 
regions and which can be arranged into equivalent relations 

W/U I = Fl(a), 

Re/Re , = F 2 (a), 

¢/¢I = F3(a). 

(16) 

(17) 

(18) 

Eqs (16)-(18) are equivalent to the hypothesis that at a = const. is in transitional 
and turbulent regions the dependence ¢ = f 1 ( Ar) in the plot parallel to the dependence 

¢I = f2(Ar). 
If Eqs (I6) -(18) are valid, then by relating the incipient fluidization region to 

ap = 0·420 or to another value independent of the particle size (or of Ar number, 
etc.), for the velocity at incipient fluidization of monodisperse beds without channelling 
should generally hold 

Wp/U I = const. , (19) 

Rep/ReI = const., (20) 
resp. 

¢P/¢I = const., (21) 

as is assumed by the majority of authors. 
These relations are contradictory to Eq. (7) as can be seen from Table IV. In this 

Table, the given ratios Rep/ReI were obtained so that for Ar number was taken the 

TABLE IV 

Dependence of Ratio Rep/ReI on Ar Number for Spherical Particles 

Ar Rep/ReI ReI Ar Rep/ReI ReI 

103125 0·0806 500 14332 500 0·1122 7000 
183750 0-0815 700 30000000 0-1226 10000 
345000 0-08335 1000 135000000 0-1516 20000 

1260000 0-0909 2000 317250000 0-1690 30000 
2700000 0-0959 3000 918750000 0-1923 50000 
7125000 0-1032 5000 1837500000 0-2085 70000 
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corresponding ReI from Perry 28 and Rep was calculated by Eq. (7). Ratio Rep/ReI 
is a function of Ar and only at Ar numbers of the orders 105 and 106 it attains the 
value ascribed to it as to a universal constant (the reason probably is tha t for greater 

Ar numbers few experimental data are available). The dependence of Rep/ Re I on Ar 
is qualitatively in agreement with data by Denton31 who stated experimentally that 
the friction factor decreased monotonically in dependence on Reynolds number 
in the fixed bed of spherical particles in the whole range of subcritic flow around 
the spherical particle, i.e. up to the value of Re = 105 . Accordingly, the correct 
extrapolation of Eq. (7) up to Ar = 1012 can be expected. 

From dependence of ratios Rep/ReI on Ar number follows that for expansion 
of uniformly fluidi zed beds of monodisperse particles in the transitional and turbulent 
regions instead of Eq. (I6)-(18) the relations are valid 

(22) 

Re/ Re l = F 5(e, Ar) , (23) 

(24) 

where the Ar number can be replaced by ReI a t the changed characteristics of func
tions F4 to F6 . 

The functions F 4 , F 5, F6 are such that 

(25) 

We could accept neither of the two equations by Wen and Yu 8 which they considered 
to be of general validity. One of their equations was derived on the basis of hypothesis 
which can be formulated as follows: . 

The ratio of hydrodynamic force (drag force) Fo by which the liquid acts on the particle in the 
bed and of force Fs by which the liquid would act in the unlimited space on the particle moving 
in it with velocity v, equal to superficial liquid velocity w in the bed at otherwise sam~ conditions, 
is a universal function of porosity 

Fo / Fs = f(e) . (26) 

We will show that this hypothesis is not equivalent to that of ours on parallelity of curves'; = 

= f1(Ar)t=consl. and ';1 = f2(Ar) but the generalized conclusions a're not in a agreement with 
reality. Since in a uniformly fluidized bed of monodisperse spherical particles holds 

(27) 

we can for equality w = v with regard to relation (26) and to Newton equation for the drag force 
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write 

where e. is a known function fs(Re), where Re = wd qr!J.l, i.e. 

From the definitions of e, .;, and e. relations follow 

e, = (e.). = 1, when fee) = 1 and simultaneously w = ut 

e = e •. f(e), 
and from these we obtain 

e u; e; = ~f(e). 

(28) 

(29) 

(30) 

(31) 

(32) 

The right-hand side of Eq. (32) is not equivalent to that of Eq. (18), therefore neither the corres
ponding hypotheses are equivalent. 

Let us check the correctness of Eq. (29) at the assumption that relation (7) is valid . On multi
plying by Re 2 and after arrangement we obtain 

fee) = (4/3) Ar/Re2 fs(Re) . (33) 

Further with regard to the nature of f.(Re) it is possible to write 

Re2 f.(Re) = (4/3) Ar'" , (34) 

where Ar'" is read off for value of Ret = Re from the dependence Ret = f3(Ar) for free-fall 
of the particle in an unlimited viscous liquid. From this it holds 

fee) = Ar/Ar"'. (35) 

According to Wen and Yu is fee) = e- 4 ·
7 resp . for ep = 0·420 should f(ep) = 59·00. When we 

read off Ar'" for Ret = Rep then should be Ar/ Ar'" = 59·00. In Table V are given data of Ar/ Ar'" 
as a function of Ar. For chosen values of Ar numbers the values Rep were calculated by Eq. (7) 
arid Ar'" numbers corresponding to them were found by interpolation equations which we have 
elaborated29 for accurate interpolation of data by Perry28. . 

As can be seen, our measureme.nts do not confirm correctness of the hypothesis 
(26) which should be modified in accordance with the relation 

(36) 
where 

fie, Ar).= 1 = 1 . (37) 

The Ar number can be at a change of characteristics of f4 substituted by Ret or ~t. 
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We could not, therefore, accept the equation 

Ar = 1060 Rep + 159 Re!'687 (38) 

which is correct if hypothesis (26) is simultaneously valid with the equation for 
friction factor ~ I 

(39) 

Wen and Yu have also modified equation of Ergun and Orning12•30 for pressure drop in the 
fixed bed which after substitution of t'1p/ l = g(C!s - C!f) (1 - e) and arrangement has the form 

into which they substituted for the incipient fluidization region 

I/!pe~ = 14, 

(1 - ep)/!p2e~ = 11 . 

By its solution for Rep they obtained the relation 

Rep = (33'72 + 0·0408 Ar)1 /2 - 33'7, 

which should be valid within the whole considered range 

Rep E <0'001 ; 4000) , 

(40) 

(41) 

(42) 

(43) 

despite of their claims that Eq. (40) is valid up to Re = 3000. Eq. (43) cannot be accepted for 
spherical particles because !p = 1 and if we take II!pe~ = 14, then ep = 0·415 and from that 

TABLE V 

Dependence of Ratio Ar/Ar* on Ar Number 

Ar Rep = Ret Ar/Ar· Ar Rep = ReI Ar/Ar· 

1'06.105 40'96 49·69 1.107 632-63 64·13 
3.105 76'63 56·20 3.107 1225'7 59-61 
5.105 104'21 58·38 5.107 1664·2 55·72 
7.105 127·61 59·86 7.107 2041·3 53·30 
1.106 158·18 61·47 1.108 2530·2 50·85 
3.106 306·46 66·52 3.108 4902·0 43·98 
5 . 106 416·80 65·50 5.108 6667·0 38 ·69 
7.106 510·39 64·83 7.108 8163-9 35 '51 
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(I - ep)/q/e ~ = 8'19 instead of II , see Eq. (42). But if we choose Ep = 0 '420, then 

l / rpe~ = 13 '5, (44) 
resp. 

(I - ep)/rp2e~ = 7-83, (45) 

and for the velocity at incipient fluidization we obtain 

Rep = (618'12 + 0·04234 Ar)1 /2 - 24 ·86. (46) 

By use of the Ergun equation i.e. as well Eqs (43) and (46) the following difficulties 
arise at least : 

For a fixed bed of smooth spherical particles (e = 0·42) is this equation sufficiently 
accurate only i[1· 31 Re ;:;; 1740 and if instead of the constant 1·75 in the first term 
is used 1·35 and in the second 163·8 instead of 150. With slightly rough spheres, 
however, the Ergun equation is valid up to Re ~ 8·7 . 103

. After application of the 
respective data to fluidization, it follows that at Rep> 1740 the bed of smoothly 
polished spheres should have a greater value of Rep than that of slightly rough 
spheres and these again should have a greater value of Rep than the bed of very 
rough spheres. Polishing of the surface of slightly rough spheres should change for 
example Re from 3000 to 3450. If this is correct, then the differences in values me
asured by Johanson and Kelly (on one hand) and ours and Fetterman's (on the other) 
could be caused by diff.:!rent surface roughness . (Our ceramic particles were varnished 
but not polished; Johanson and Kelly used steel spheres or lead Shots). In such case 
at Rep> 1740 it is necessary to introduce into the calculation equations for velocities 
at incipient fluidization and for expansion of fluidized beds the roughness of the 
particle surface. However, this statement should be taken very cautiously ;~(nnust 
be further ve rified since: research of the flow in fixed beds does not take into con
sideration that the changed character of the flow cannot be expressed by the Reynolds 
number only, but as we have shown32 at the change of laminar flow it is necessary 
to consider the Ar number as well. What is considered to be the result of roughness, 
can be caused by different Ar numbers. 

The structure of fixed beds can differ considerably from beds in the region of in
cip:ent fluidization and the roughness effect can be affected by the structure. 

In our previous papers we compared Eq. (5) with other relations and found 
a satisfactory agreement with equation of Leva22 and Todes7 . In Table VI are Eqs 
(5), (7) compared with Eqs (38), (43), (46) and with equation of Todes 

and with equa.tion33 

Rep = Arj(1400 + 5·22 Aro. S
) 

Rep = Ret (10 + 0·275 Ly) (250 + Ly) , 
(990 + 2·850 Ly) (140 + Ly) 

(47) 

(48) 
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which is valid for 

(49) 
where 

Ly = Re~/Ar . (50) 

It can be seen from Table VI that Eq. (5) resp. (7) and (38) give relatively corres
ponding Rep in the whole range of values of Ar number. This agreement is surprising 
when compared to data given in Table V and the only explanation is that deviations 

TABLE VI 
Comparison of the Best Equations for Calculation of Rep of Monodisperse Non-Channelling 
Beds with Equations (5) and (7) 

Ar 
Values Rep according to Equation 

(5) resp. (7) (38) (43) (46) (47) (48) 

0·1 9.98.10- 5 9.43.10- 5 6.06 . 10- 5 8.52.10- 5 7.13.10- 5 1.00 . 10- 4 

9.93.10- 4 9.43 . 10- 4 6.06 . 10- 4 8.52.10- 4 7·12. 10- 4 1.00.10- 3 

1.97 . 10- 3 1.88.10- 3 1.21.10- 3 1.70.10- 3 1.42.10- 3 2.00 . 10- 3 

5 4.86.10- 3 4.70.10- 3 1.50.10- 3 4.26 . 10- 3 3.54.10- 3 5·01 .10- 3 

10 9.52 . 10- 3 9.38 . 10- 3 6.06.10- 3 8.52.10- 3 7.06 . 10- 3 9.65 . 10- 3 

20 0·0184 0·0187 0·0121 0·0170 0·0141 0·0182 
50 0·0434 0·0463 0·0303 0·0425 0·0348 0·0406 

100 0·0817 0·0917 0·0605 0·0850 0·0689 0·0737 
200 0·152 0·182 0·121 0·171 0·136 0·134 
500 0·347 0-433 0·313 0·420 0·330 0·294 

1000 0·645 0·834 0·600 0·840 0·639 0·564 
2.103 1-19 1·55 1·19 1·65 1·22 1-09 
5.103 2·71 3·48 2·90 3-83 2·83 2·87 
1 . 104 5·02 6·19 5·59 7·86 5·20 5·74 
2.104 9·29 10·7 10·5 13-4 9·36 10·9 
5 . 104 21·0 21·2 22·6 27·4 19·5 25 ·0 

1.06.105 41 ·0 36·1 40·2 60·9 34·2 42 ·5 
2.105 60·0 55·8 62·7 70·5 53-6 64·4 
5 . 105 104 102 113 123 98·2 114 
1.106 158 160 171 182 151 169 
2.106 240 248 254 284 228 226 
5.106 417 438 419 436 382 398 
1.107 633 670 606 626 558 552 
2.107 960 1020 870 896 808 844 
5.107 1660 1780 1390 1430 1305 1200 
1.108 2530 2690 1990 2030 1910 1670 
2.108 3840 4080 2820 2880 2704 2330 
5 . 108 6670 7040 4480 4600 4280 3620 
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from the hypothesis expressed by Eq. (26) are balanced by deviations of Eq. (36) 
from the correct dependence. It is not clear from the work by Wen and Yu8 why they 
consider Eq. (43) to be more correct then Eq. (38). 

Other equa,tions give at Ar > 1 . 107 smaller Rep values than Eqs (5) resp. (7). 
The differences substantially exceed the limiting error of our measurement. 

The mutually corresponding Rep and Ly numbers were determined in such a way 
that for the chosen Ar number was from data given by perry28 by use of the method 
from the papers29 determined Ret by interpolation formulas and from it Ly = Re~ I Ar. 
For values Ar;?; 5. 106 was found the power relation Ret = 2·60342 Aro.4782. 

Constants in Eq. (43) and (46) do not enable sufficiently accurate determination 
already at Ar < 1000. By repeating the procedure in derivation of these equations 
it was found that instead of 33 ·7, resp. 24·86 it is necessary to use values 3.3,673468 
resp. 24·857l43. Also the first terms under the exponent in these equations should 
be squares of these numbers. 

Effect of the particle shape. If we define the characteristic length of a particle as 
a diameter of a sphere of equal volume then Eq. (5) is practically valid with the same 
accuracy for particles of djlfferent shape which do not form channelling beds. 

Eq. (7) which is valid for transition and turbulent regions is independent on the 
shape of particles at such definition of the characteristic length only approximately. 
At the same Ar number SPherical particles have the greatest value Rep. Close 
to them are isometric and practically isometric shapes, and which one dimension 
increasing Rep decreases, see Fig. 4. With the shapes we have used, the decrease was 
not less than 22'5%. With such tolerance, the Eq. (7) can be considered as valid for 
particles of various shapes. 

CALCULATION, COMPARISON AND TRANSFORMATION OF EMPIRICAL EQUATION FOR Y 

With regard to what was said above and to our papers3
.\ we have for calculation 

of y relations (11), resp. (12) and (14) from which we choose in accordance with rela~ 
tions (13a), resp. (13b). 

One of possible3
•
4 relations for y is equation 

(51) 

If WpclWpF = Z, then, according to physical nature of y, the following boundary 
5 0nditions can be formulated: 

for Z -+ 1 is y -+ 0 for any XF , (52a) 

for XF -+ 0 is y -+ 0 for any Z • (52b) 
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When' XF -+ ,1 constant value of y dependent on z can be expected , such that even 
when the mixture contains only a small amount of coarse particles, its velocity at 
incipient fluidization is greater than it would be with only fine particles. This condi
tion will be additionally verified. 

Sufficiently accurate measurements of velocities at incipient fluidization of the 
mixture with small portion of coarse particles are very difficult and in our measure
ments we did not reach below Xc = 0·04, so that the case of X F -+ 1 must be considered 
as an extrapolation. We tried to ensure its correctness by the procedure at evaluating 
the experimental data. 

To avoid the unfavourable affecting of the result by eventual invalidity of a hypo
thesis to which the polydisperse mixture is taken as a binary one as well as by an 
eventual effect of different flow character, we have used for determination of equation 
for y only the measurements with binary mixtures which comply with the condition 
(1 - y) Ar > 1.06.105 . Values WpF' resp. RepF were calculated by Eq. (5) resp. (9) 
and also by Eq. (7). Respective data are taken from one of our previous works4

• 

At XF = const. they are in agreement with relation 

y = (z - l)!(pz + q) (53) 

which at the same time fulfills the boundary conditions (52a) and (52b) . Coefficients 

FIG 4 

5,10' 

. " 
" 

o .. 

2 ,10~0~5C------1,l:0"-' -----:-'10"'7--- -' 
Ar 

Deviations of Rep Values of Non-Spherical Particles from Dependence Rep = f(Ar) for Spherical 
Particles 

Eq. (7); 0 limestone; • sugar; () barley; 0 electrotechnical beads; ~ rye; e wheat; <D oats (a more 
detail characteristics of material used are given in the already published papers). 
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p, q, are dependent on XF' With regard to experimental data for z = const. we can 
write 

respectively 

q = k2/X~, 
From that holds the empirical equation 

Y = kx~(z - l)/(z - b). 

(54) 

(55) 

(56) 

The following problems are met in determination of empirical constants a, b, and k: . 
Values Rep were read off the plot log I!J.p = f(log Re), therefore it can be assumed 

that their relative error approximately equals, i.e. that 

As for absolute errors holds 

we get from Eqs (12) and (14) 

I!J.Re = d Rep I!J.v 
p dy ., 

~-=Cl' 
1 - y 

(57) 

(58) 

(59) 

In such case the method of the least squares requires a consideration of different 
weights of y values34

•35 • 

The weight of roth measurement Yr is inversely proportional to the dispersi.~n a; 
which can be estimated by expression (I!J.YrY, which according to Eq. (59) is -

(60) 

After substituting from Eq. (60) for the weight of the roth measurement and after' 
linearization of Eq. (56) by expansion into the Taylor series, the values: k = 1'001, 
a= 0'590, b = 0·357 were determined by successive approximation which cor
responds to equation 

Y = X~·59(Z - l)/(z - 0'357). (61) 

Let us verify whether Eq. (61) fulfills the condition wpz > wpF' Eq. (14) can be transformed into 
the form 

wpz = {[w~c661(1_ x~·59) + WpFW~c661(X~ . 59 - Q'357)1/(wpc - Q·357wpF)}O.602 

(62) 
if ~e substitute for y from Eq. (61) and simultaneously write according to definition 

(63) 
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then from it according to Eq. (7) is 

Arc = (RepczlI'pc/0'03865wpz)1 /0'602 . (64) 

From Eq.' (62) for xF ->- 1 we get 

II'pz = {0'643wpFWO'661/[1 - 0'357(wpF/wpc)1}0'602 . (65) 

Already with relatively small values of z (z > 1) the denominator in Eq. (65) can be taken equal 
to one and we get 

(66) 

If wpz > wpF then by substituting for wpz such quantity wpF that the inequality holds 

(67) 

we obtain that the required condition wpz > wpF is fulfilled for all z for which holds the inequality 

(68) 

This is qualitatively a good result because it is in fact valid for all beds with the segregation 
region. 

In case that (1 - y) Arc < 1 ·06 . 105 , but Arc> 1·06 . 105 , i.e. Repcz is calculated by Eq. 
(11), resp. Eq. (12), however, Repc is calculated by Eq. (7), we get 

[wpc(1 - x~' 59) +WPF(X~' 59 __ 0'357)]° '602 wpc~?9B 

wpz = --J.304[1-=-0-~357(w~~:i~-Jl0 :-6-02-Re"~~r2 -n)/ii-

From that for xF ->- 1 at 11 = 0·89 and Repcz = 41 the condition wpz > wpF is fulfilled when 

z > 3. 

(69) 

(70) 

With decreasing value of Repcz the critical value z increases inversely to Re~c~14. At the. condition 
(l - y) Arc < 1'06 . 105 the value Repz = 41·0 is the maximum attainable one and therefore 
the condition (70) cannot be considered as satisfactory. Even less satisfactory result is obtained 
for (l-y) Arc< 1'06.105

; Arc < 1'06.105, when the transformed equation is 

(71) 

The inequality wpz > wpF at xF ->- 1 requires 

z > 11°'6430/(1-0) (72) 

which already at 11 = 0·89 gives very large values z. The large exponent 11/(1 - 11) suggests that 
instead of the value 0·643 in Eq. (72) should be the value close to one, i.e. if Eq. (56) is to be valid 
then b = 0, resp. k2= O. Generalization: For (1 - y) Arc> 1'06.105 , resp. Repcz > 41 '0 and 
Arc> 1·06.105,resp. Repc > 41'0, b is constant b = 0·357. However, if (1 - y) Arc < 1'06.105 

resp. Repcz < 41'0, then b decreases with the decreasing value Repcz and at Arc < 1·06 . 105 it 
atta ins the zero value. 
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For deviations in Repz numbers which are caused by the change of constant b, the ratio is 
characteristic 

1 - (z - l)/ (z - 0'357) 0·643 z 
y = ------ - -- = - --

1 - (z I )/z z - 0·357 
(73) 

which changes in the interval Y E ( 0'643; 1) when z E ( I, OJ) . If we use at (I - y) Arc < 1·06 . 
. 105 b = 0·357 instead of b = 0, at n = 0'89, the ratio of Reynolds numbers wi!! be 

~p~;O ' 357 = yO' S9 

(Rep)b;O • 
(74) 

where yO.89 E ( 0'675, I ) and already at z = 2 it attains the value 0 '805. i.e. the calculated Re 
numbers will be by 20 to 30% smaller than at b = 0. 

When we want to avoid these errors, we use the following instruction: 

If (1 - y) Arc > 1.06 . 105
, resp. Re pcz > 41·0 and simultaneously 

Arc> 1·06 . 105
, resp. Repcz > 41·0, we choose 

y = i~'59(Z - 1)/(z - 0'357) . 
At 

(1 - y) Arc < 1.06.105 , resp. Repcz < 41·0 

a:1d simultaneously 

Arc> 1.06 . 105
, resp. Repc > 41'0, 

then 
y = (1/2) i~·59[(Z - 1)/(z - 0·357) + (z - 1)/z] . 

If the relation is valid 

(1 - y) Arc < 1.06.105
, resp. Re pcz < 41 ·0 

and simultaneously 

Arc < 1'06.105
, resp. Repc < 41'0, 

then 

(75) 

(76) 

(77) 

Experimental data are in agreement with these conclusions where it is at the same 
time assumed that the power i~·59 remains unchanged regardless of values 

(1 - y) Arc, resp. Arc within the whole studied range 

and simultaneously 

resp. 

(1 - y) ArcE (1.9.103 ,1-12 . 107
) 

Arc E (3'·9 . 103 ,4'57. 107.> , 
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Transformation of calculation equations for y. Eq. (61), resp. (76) and (77) are 
advantageous for calculation of y only if the values wpc and wpF are given in advance. 
However, more often the values dc and dF are given. As we have shown before 3

, y can 
be calculated from criterion equation 

y = fs(dc/dF, Arc, XF)' 

Y = f6(wpc/ wpF' Lyc, XF) , 

y = f7(urc/U tF' LYtc, XF), 

(78) 

(79) 

(80) 

where the variable Lyc does not practically affect the function f6 (better estimation 
of this effect is given in our comments on Eqs (76) and (77)). We have made use of the 
fact that Eq. (79) can be expressed with sufficient accuracy by relation (51) for basical 
evaluation of data. 

If we express wpc and wpF by the use of Eq. (7) or (9), relation (79) is transformed 
into Eq. (78). But in this case it is necessary to take into account that the relation 
holds 

Z = wpc = Repc ~ 
WpF RepF dc 

(81) 

and simultaneously 
(82) 

Obviously, there must be distinguished three cases limited by the following condi

tions: 

a) 

when 

Arc> 1'06.105
, resp. Repc > 41 '0, 

ArF> 1'06.105
, resp. Re pF > 41·0, 

(83) 

(84) 

If relation (83) is valid, then Eq. (61) is valid as well because Repcz > Re pF, resp. 
(1 - y) Arc> 1,06.105 • After substitution into relation (61) we get: 

_ XO.S9 (dc!dF)o'806 - 1 
y - F (dc/d

F
)o.806 _ 0.357 

(61a) 

Under conditions (83) the quantity y is independent of Arc' 

b) Arc < 1·06. lOs, resp. Repc < 41'0, (85) 

when 
(86) 

where nc, resp. nF are read off the graph of Fig. l' for Arc < 200, resp. Ar F < 200. 
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At conditions (85) Eq. (77) is valid, from which we get 

-0.59 0·000611(nc-n F) Arc(nc-nF) (dcldF?nF-1 - 1 

Y = X
F 0.000611 (nc-nF) Ar c(nc-nF) (dc/dF)3nF-I 

(87) 

However, most frequent is Arc> 200, ArF > 200 when nc = nF = 0·89 and thus 

c) 

when 

-0.59 (dc/dF)I .67 - 1 
Y = xF (dc/dF)1-67 . 

Arc> ]·06. 105 , resp. Repc > 41'0, 

ArF < 1·06. 105, resp. RepF < 41 '0, 

If simultaneoll~ly with conditions (88) the inequality holds 

(77a) 

(88) 

(I - y) Arc> 1'06.105 , resp. Repcz > 41'0, (89a) 

then the relation (61) must be transformed, which gives 

-0.59 [(0·03865)/(0'000611 nF)] [ Ar C(O.602 - nF) (dcldf )3nF- I.] - 1 

Y = Xf [(0'03865)/(0'000611nF)] [Arc(0.602-nF) (dcldF)3nF-I] - 0.357 
(61b) 

Eq . (61b)atn f = 0·89hastheform 

_ jO.59 28·0 Arc -0 ·288 (dcldF)I.67 - 1 

y - f 28.0 Arc -0·288 (dcldF) 1·67 - 0·357 
(61c) 

However, if simultaneously with conditions (88) holds 

(I - y) Arc < 1.06.105 , resp. Repcz < 41·0 

then the relation (76) must be transformed into 

Y = (1/2) j~ . 59[(XI - l)/(XI - 0·357) + (Xl - 1)IX1], (76a) 
where 

X I = [(0'03865)/(0'000611)nF] [Ar~0.602-nF)(dcldF)3nF-l] , (90) 

respectively, at nF = 0·89 

Xl = 28·OArco.288 (dc/d Fr· 67 . (91) 
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Limitation of validity of equation for calculation of y . The validity of equations 
defining y at very large Arc numbers can be determined neither from the model 
nor from the experimental data. The maximum verified value was Arc = 4·57 . 107 

respectively, Repez = 1000. 
In cases where before reaching the velocity at incipient fluidization an intensive 

carryover of some of the fractions from the column takes place, there can be expected 
a correction in defin ition of the fra-::tion of fine particles which was given by relation 
(4b). The entrainm~nt of particles intensively carried from the unit can dampen the 
fluctuation of velocity and pressure above the last stationary layer of coarse particles; 
the value y can be, therefore, greater than corresponds to the bed composition . In 
other words, we expect that for fractions intensively entrained the actual mass 
fractions according to definition d F in Eq. (46) cannot be used . Further experimental 
data are necessary for determination of the respective corrections. 

We demonstrate how to calculate whether before reaching the velocity at inci
pient fluidization of the mixture the carryover of particles from the column occurs. 
We consider the case when holds 

(1 - y) Arc> 1·06. \Os, resp. Repcz > 41·0, (92) 

i.e. when Repcz is calculated by relation (14). 
The particles with the greatest terminal velocity u 'k will be at the velocity at inci

pient fluidization of the mixture wp entrained in accordance with the relation 

(93) 

where IX > 1 and is dependent on the Reynolds number Re = wpDQr!II, column 
height, bed height etc. So far, we are able to determine the value CJ. only in scme 
cases35

. Into entrainment get particles of all sizes d* ~ dk , for the terminal velocities 
of which holds 

(93a) 

With increasing difference between the quantities u, and CJ.wp with respect to inequality 
u, < tXwp the entrainment intensity of fraction with terminal velocity u, increases. 

With regard to relations (14) and (93a) as a condition for the max:mum velocity 
without entra:nment of a fraction w:th terminal velocity u, the inequality can be 
written 

(94) 

Substitution of equality in relation (94) defines the fraction with terminal velocity 
uti" i.e. such fraction which at the velocity at incipient fluidization of the mixture 
just begins to take part in entrainment. 
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To the following inequality 

(95) 

correspond fractions with terminal velocity U t entrained at velocity at incipient 
fluidization if entrainment would not affect the velocity at incipient fluidization 
of the mixture. 

For inequalities 

(1 - y) Arc < 1·06. 105
, resp. Repcz < 41'0, is Repcz 

calculated from Eq. (12) and we get 

U t it€ {lX/t[0·000611(1 -. y) Arc]n}/erdc , (96) 

where significance of the signs of inequalities and equalities is the same as before. 

The standardized quantity Rep calc/Rep exp was used as a suitable measure for 
considering the correctness of calculation relations in individual cases. For its theore
tical mean value holds E(Rep calc./Rep exp) = 1. The standard deviation of this stan
dardized quantity is then a general characteristic accuracy of calculation relations. 
Its value s = 0·178 was determined from the system ' of our experimental data. 
Since the theoretical mean value is equal to one, the standard deviation 0·178 repre
sents at the same time the variation coefficient. The value of variation coefficient 
0·178 is rather large but with respect to the accuracy of measurements of such para
meters as the characteristic length of individual fractions , reproducibility of porosity, 
method of determination of the velocity at incipient fluidization and the approximate 
validity of the hypothesis on representative size of the fraction of fine particles, we 
take it as acceptable. 

For a more complete characterization of our experimental material and of equations 
we wish to add that from 114 data, a mean deviation of ±5%, ± 10%, ± 15%, ±20% . 
have accordingly 25 '4%, 48'2%, 63'1%, and 78·0% of the data. The maximum me
asured deviation was Rep calc./Rep expo = 1·461 for values of arguments: XF = 0'7, 
z = 2'536, when Yexp = 0·771 andYcalc = 0·571. As more significant we consider 
the deviations above ± 30%. With such error of measurement · are affected data 
No 43 and No 55 in our previous work4

• Data corresponding to numbers 81 to 83 

and 95 to 106, where Rep calc/Rep exp E (0'596: 0'732) correspond to coarse particles 
containing a greater amount of a narrow fraction having the characteristic length 
d j . ~ 0·5 dmax . Such fraction is according to Eq. (3) consider.ed the smallest fraction 
of coarse particles. If it is added to fine particles, then the results are significantly 
better. This means that value 0·5 in Eq. (3) should be greater, which in agreement 
with our experiments we estimate to be in the range 0·57 to 0·60 i.e. instead ofEq. (3) 
a d max ~ d j ~ dmax should be written, where 0'57 , ~ a ~ 0·60. 
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LIST OF SYMBOLS 

a coefficient 
Ar = gd 3(Cls - Clr) Clel,? Archimedes number 
Al • Archimedes number defined by Eq. (34) 
Arc, ArF Archimedes number with the characteristic length dc, respectively dF 
C index characterizing coarse particles 
d characteristic length of the particle according to Eq. (15) 
d j characteristic length of so-called narrow fraction of particles in which the range 

of sizes is not greater than the value limited by two consecutive sieves DIN 1210 
or Tyller. 

dj = r.nAs 3 /r.njd j/ for spherical particles 
d

j 
= 6m/(rtNCls)1/3 for non-spherical particles 

dje, diF value of d j in that part of the bed whiCh is denoted as the fraction (wide) of coarse 
particles resp. fine particles 

dc, dF representative (effective) diameter of fraction (wide) coarse resp. fine particles 
(Eq. (4a) resp. (4b)) 

djs diameter of spherical particle 
Fo hydrodynamic force by which at superficial velocity w the liquid acts on the 

particles in the fluidized bed 

F. hydrodynamic force by which, at other conditions same, as that to which is 
related Fo' the liquid would act on one particle freely moving in unlimited liquid 
by velocity IV 

fee) function defined by Eq. (26) 
g gravitational acceleration 
k, k l' k 2 proportionality coefficient~ 
I bed height 
Ly = Re;! Ar Ljaseenko number 
Lyc' LYtC Ly number, if lit = wpc, resp. lit = II tc 

mass of N particles at determination of d i 
exponent in Eq. (9), defined by Eq. (10) 

6.p. 

Re = wd(!elJl 
Rep 
Repc 
RepF 
Repcz 
Repealc 
Rep exp 
Ret 
lit 

number of particles of diameter dis 

number of particle (minimum 200) at determination of d j 

pressure drop in the bed 
value of 6.p equal to the effective particle weight on unit of cross-sectional area 
(constant diameter of the column) 
surplus drop of static pressure in so-called last fixed bed of coarse particles at the 
velocity at incipient fluidization caused by velocity pulsation 

Reynolds number 
Reynolds number when IV = wp 
Re number when w = IVpC' and d = dc 
Re number when IV = IVpF' and d = dF 
Re number when w = wpz, and d = dc 
calculated value of R«::pcz ' 
experimental value of Repcz 
Re number when w = lit 

terminal velocity of particle, i.c. the final velocity of particle freely falling at the 
earth gravitation in unlimited real liquid 

value of lit corresponding to dc, resp. dF 

Collection Czechoslov. Chem .. Commun./Vol..,36/"(l971) 



3586 Beila, Havalda, Mafas: 

w superficial velocity of liquid in the column (volumetric flow rate divided by the 
cross-sectional area of the column) 

y 

Z =" WpC/Wpf 

I}( 

Cl5 

value of IV at the incipient fluidization, i.e. the velocity at incipient fluidization 
(minimum-fluidization velocity) 
value of IVp corresponding to monodisperse fraction dc, resp. df at other conditions 
same as IVpZ 

ve.1ocity at incipient fluidization (wp) of the mixture of coarse and fine particles 
(polydispersion bed) 
mass fraction of (narrow) fraction d iC in coarse particles 
mass fraction of (narrow) fraction diF in fine particles 
ma~s fraction of fine particles (wide fraction) in the bed 
function expressing the effect of pressure and velocity fluctuation caused by the 
fluidized part of polydisperse bed above the last fixed bed 
quantity defined by Eq. (73) 

gas density 
density of particles 
bed porosity 

ep porozity at velocity at incipient fluidization (value e at IV = IVp) 

fj gas viscosity 
qJ shape factor defined as sphericity, i.e. as the ratio of surface of a sphere of the same 

volume as the particle to the particle surface 
.; = (4/ 3) gd(Cls - Clr)/ 1V2 Clf friction factor for particle in the bed 
';t = (4/3) gd(Cls - Clf)/U~Clr friction factor for freely falling particle with terminal velocity lit 

';5 = e/ f(e) friction factor 
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